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The diffraction phenomena of X-rays in the case 0B£Q:7r/2 are studied on the basis of dynamical 
theory. The angular width of diffraction for = /2, 2 j/| | , is about 103 times as broad as the 
one for 0 B 2, 2 | Xh IM 1 1 • Similar characteristic phenomena are expected for electrons. 
The rr/2 Bragg angle diffraction would be utilized as X-ray resonator. 

In the conventional dynamical theory of X-ray 
and electron diffractions it is assumed that the 
Bragg angle, &b ? or the angle between the incident 
or diffracted beam and the crystal surface, 0 O or 
©h, is not close to .1/2 nor zero. On the other hand, 
some extreme cases such as ©g = 0 a n d @o o r 

0h = 0 have been studied by many workers because 
of their characteristic phenomena, e. g., Kikuchi 
Bands of lower indices anomalies of diffraction 
at grazing angle of incidence 2, and channeling ef-
fects 3 in the case = 0 for electrons; Kikuchi-
envelope4 and anomalous enhancement of mirror 
reflection5' 6 in the case (9^ = 0 for electrons; asym-
metric-case diffraction7 in the case (90 or (?h = 0 
for X-rays. However, it seems that the case = 
has not been studied on the basis of the dynamical 
theory with the exception of a general considera-
tion on the dispersion surface of electrons by STERN 
et al.8, although precise measurements of lattice 
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spacing for X-rays 9 under the condition of this case 
have sometimes been made. In this note we report 
some characteristics of this extreme case, mainly for 
X-rays, and some probable applications. 

At first we consider the case of X-ray diffraction, 
and, for simplicity, deal with the case of two-beam 
approximation. According to the dynamical theory, 
as well known, the secular equation of the reduced 
wave equations is given as 

K- Zh 

Zh 
kh2 — k2 

Zh K2 

where 
kh = k0 + h and k = K/Vl+z0; (2) 

k0 and kh are the wave vectors of the incident and 
diffracted waves in the crystal, h the reciprocal lat-
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tice vector for the diffraction, K the wave number 
of the incident wave in vacuum and Xo an(^ Xh 
times the Fourier components of the polarizability 
of the crystal. 

For convenience we assume that the diffracting 
plane is parallel to the entrance surface. We are 
now concerned with the case @B = in other 
words, k^h/2 or d from the Bragg condi-
tion. Here I and &b relate to the crystal corrected 
by the refractive index. The dispersion surface for 
k = h/2-e (e > 0 ) is schematically drawn in Fig. 1, 

"/////y/////, 

' C A ( x . z ) 

Fig. 1. A dispersion surface for k > A/2. 

where the origin of the coordinate is taken at the 
middle of the reciprocal points, 0 and H, and x- and 
z-axes normal and paralel to HO, respectively. The 
wave point A, for which we have AO = fc0 and 
AH = fch, is represented as A (x, z). With use of the 
relations 

k0 = xx+ (h/2-z) Z and kh = xX- (h/2 + z) Z 

where X and Z are the unit vectors along the x- and 
z-axes, respectively, Eq. (1) is rewritten as 

x- - {k2 - A2/4) 2-k2 Xh Xh 
2 ~ 2(k2 + h2ß-x2) 

The magnitude of k or X is classified as follows: 
(i) A/2 k( = A / 2 c 0 < 1 — | X h 1 / 2 , 
(ii) 1 - 1 ^ 1/2 < A / 2 k( = A /2 d) < 1 + 1 ^ 1/2 , 
(iii) h/2k(=k/2d)>l + \x*\/2*. 

( 3 ) 

Dispersion surfaces corresponding to (i) and (ii) 
near the region satisfying the Bragg condition are 
schematically drawn in Figure 2. In the region (ii) 
there are no real values of z for x = 0. The region 
(i) corresponds to the case which is considered in 
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Fig. 2. Disersion surfaces near the region of selective 
reflection. 

the conventional dynamical theory. The present 
study is concerned with the region (ii). The range 
of selective reflection, for which z is imaginary, cor-
responds to 

S± So = Vk2 -h2/4< + k2 | Xh — Vk2 — A2/4 — A;2 | Xh I 
for ( i ) , while 

2 ]/k2 — A2/4 -f 1 Xh | (5) 
for (ii). The variation of the range of selective re-
flection with wavelength or wave number is schema-
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Fig. 3. Variation of range of selective reflection with wave 
number. p=s ign{&—h/2} |//c2 —A2/4//c. x{ ( i = l , 2) is the ab-
scissa of Si in Figure 1. The ranges of selective reflection are 

S2 and 5 / 5 ? for (i) , while 5 ^ 5 ? for (ii) . 

tically shown in Figure 3. In case (i), and when 
h/k< l-\Xh |/2 or 0B < we have 

S1S2 = k2\Xh |IVk2-h2/l 

* Here, for simplicity, / h = / h a n d accordingly \/\i\2=XhXil 

are assumed. 



and, correspondingly, the angular range of selective 
reflection is given by 

AO = 2 | |/sin 2 @B • (6) 

On the other hand, in case of (ii), and when k = hj2 
or 0ß = Ji/2, we have S / = 2 h ]/\ y^ j and, cor-
respondingly, 

A& = 2V\Xh\. (7 ) 

It is to be noted that the angular width of selective 
reflection in the case 0% = 7i/2 is broader by a fac-
tor of 10 2 ~ 103 than the one in the usual case where 
&B ^ ft/2, since | | is of the order 10~6. The 
angular widths of Si 444 diffraction for different 
wavelengths are compared in Table 1. 

Table 1. Angular widths of Si 444 diffraction. 

Wavelength (A) Bragg angle Angular width 
of selective reflection 

1.567756 90° 0 ' 820" 

1.540562 79° 19' 5.3" 
(CuKoj) 

0.709300 26° 54' 0.5" 
(MoKctj) 

On the other hand, the extinction distance, t0, at 
which the intensities of the waves in the crystal de-
crease to 1 je of those at the surface when the dif-
fraction condition is just satisfied, is the same for 
the cases (i) and (ii) and is given by 

t0 = sin @ b / 2 nk\xh\' (8) 

As for the diffracted and transmitted intensities, 
calculations based on the ordinary procedure show 
that the expressions for case (ii) are obtained by 
replacing a well known parameter, say y, which in-
dicates the deviation from the diffraction condition, 
by y2 in those obtained by the ordinary theory for 

case (i). The calculated intensity curves of the wave 
diffracted from a plane parallel plate of a non-ab-
sorbing crystal are compared for the cases (i) and 
(ii) in Fig. 4, where the curves are given in y-scale 
so that the range of selective reflection is about the 
same although the corresponding angular range is 
much broader for case (ii) than for case (i). 

When diffraction takes place at the Bragg angle 
ti/2 or its vicinity, the energy of X-rays is concen-
trated in a shallow region of a few micron in depth 
under the crystal surface and also in the direction 
normal to the incident beam. On the other hand, in 
the usual Bragg-case diffraction where the Bragg 
angle is not close to rc/2, the energy flows along the 
surface although it is concentrated in a shallow 
layer under the surface. The concentration of X-rays 
in the n/2 Bragg-angle diffraction would be useful 
for studies on some secondary effects such as sec-
ondary X-rays and electrons emitted in the process 
of diffraction. 

It is also possible to concentrate X-ray beam on 
a straight line between the two diffracting crystals 
of nj2 Bragg angle which are placed face to face. 
This system could be utilized as resonator of an X-
ray laser. Compared with proposals 1 0 - 1 2 previously 
made the present method would be easier in tuning 
because of its very broad angular range of diffrac-
tion, and more efficient because of the concentra-
tion of X-rays on a straight path instead of side 
paths of a polygon. A suitable reflectivity or trans-
missivity could be chosen by varying the crystal 
thickness. Unfortunately, it is rather rare for a 
characteristic radiation usually used to find out a 
proper diffracting plane in high-quality crystals. 
However, we can find some probable combinations 
of wavelength and diffracting plane, a few examples 
of which are shown in Table 2. With the use of some 

Fig. 4. Diffracted intensity from a non-absorb-
ing crystal plate when A=n k | ^h ] D/sin @ b 
is rr/2, where D is the crystal thickness. The 
solid curve is for TT/2 Bragg angle diffraction 
and the broken one for the ordinary case where 

@ B < 7I\2. 



techniques, e. g. by changing slightly the lattice spac-
ing thermally or mechanically, the condition for the 
jt/2 Bragg-angle difraction could be exactly satis-
fied. 

Table 2. Combinations of diffracting plane and characteristic 
X-rays for the Jt/2 Bragg angle ( d * : lattice spacing) . 

Diffracting plane 2d* (A) Characteristic X-Rays (A) 

Si 533 1.656398 1.657910 ( N i K a J 
Si 555, 751 1.254205 1.254054 (GeKaj) 
Ge 620 1.78910 1.788965 (CoKaj) 
LiF 640 1.11689 1.11686 (Ge Kß2) 

Needless to say, it is not a problem to find out an 
appropriate wavelength in the continuous X-rays, 
but the intensity would come into question. In the 
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diffraction at Bragg angle ji/2 it is technically im-
possible or very difficult to measure the diffracted 
intensity, but it is easy to measure the transmitted 
beam and its dependence on crystal thickness. 

In the case of electron diffraction it is not a 
problem to find out an appropriate wavelength satis-
fying the condition 0ß = for a diffracting plane. 
However, it is clear that the two-beam approxima-
tion is no longer valid, but some essential features 
common to those in X-ray diffraction would be 
found. Measurements would be also easier in elec-
tron diffraction because the incident and diffracted 
beams can be curved in opposite directions with a 
magnetic field. A detailed study will be reported in 
the near future. 
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